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Abstract
With rk(n) denoting the number of representations of n as the sum of k squares and tk(n) the
number of representations of n as the sum of k triangular numbers, we prove the relation
rk(8n+ k) = 2
k−1
{
2 +
(
k
4
)}
tk(n) for 16 k6 7:
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1. Introduction
It is classical to consider the number rk(n) of representations of n as a sum of
k squares, and the number tk(n) of representations of n as a sum of k triangular
numbers. Probably hundreds of papers have been devoted to the subject. We wish to
record a remarkable relation between rk(n) and tk(n) that we have noticed, and give
an elementary proof.
Theorem.
For 16 k6 7; rk(8n+ k) = 2k−1
{
2 +
(
k
4
)}
tk(n):
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2. Proof
Let
	(q) =
∞∑
−∞
qn
2
;  (q) =
∑
n¿0
q(n
2+n)=2:
Then rk(n) and tk(n) are deCned by
∑
n¿0
rk(n)qn = 	(q)k ;
∑
n¿0
tk(n)qn =  (q)k :
In order to prove our theorem we need to know the following.
Lemma.
	(q) = 	(q4) + 2q (q8); 	(q) (q2) =  (q)2; 	(q)2 = 	(q2)2 + 4q (q4)2:
Proof. For proofs we refer the reader to [1, p. 40, Entry 25]. Our Crst identity is
obtained by adding entries 25(i) and 25(ii), the second is entry 25(iv) and the third is
obtained by adding entries 25(v) and 25(vi).
Proof of Theorem. Suppose 16 k6 7. Then
	(q)k = (2q (q8) + 	(q4))k
=
k∑
r=0
(
k
r
)
2k−rqk−r (q8)k−r	(q4)r
= 2kqk (q8)k + · · ·+
(
k
4
)
2k−4qk−4 (q8)k−4	(q4)4 + · · ·
= 2kqk (q8)k + · · ·+
(
k
4
)
2k−4qk−4 (q8)k−4(	(q8)2 +4q4 (q16)2)2 + · · ·
= 2kqk (q8)k + · · ·+
(
k
4
)
2k−4qk−4 (q8)k−4
×(	(q8)4 + 8q4	(q8)2 (q16)2 + 16q8 (q16)4) + · · · :
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If we extract those terms in which the exponents are congruent to k (mod 8), divide
by qk and replace q8 by q, we obtain∑
n¿0
rk(8n+ k)qn
=2k (q)k +
(
k
4
)
2k−4 (q)k−4 × 8	(q)2 (q2)2
=2k (q)k +
(
k
4
)
2k−1 (q)k−4 (q)4
=
{
2k +
(
k
4
)
2k−1
}
 (q)k
=2k−1
{
2 +
(
k
4
)}
 (q)k :
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